AN APPLICATICN OF THE IMPLICIT FUNCTION THEOREM TO
COMPARATIVE STATICS ANALYSIS

Apsrracr. Comparative staties analysis is concerned with the comparison of equililbyri-
ums that are associated with different sets of values of exogenous variables (parawmeters),

~ The technique is crucial in economic analysis because most testable predictions and
policy impiications of economic models are generated by comparative static analysis.
This research will investigate the Implicit Funciion Theorem and apply it to examine
a comparative statics analysis of several economic models including the IS-LM model,
the single-commodity market model with tax parameter, and the market model of two
substitute goods.

1. MOTIVATION

A comparative statics analysis is sometimes quite easy to solve. For example, suppose
the demand function of a linear, one-commodity market model is

Qi=a-dF
and the supply function is
Qs =c+dP
where P is price and a,b, ¢, d are positive independent parameters. The equilibrium price

(P*) and quantity {Q*) are given when Qg == Q. So, solving the equation Qs — Q¢ =
¢+ dP-{(a~bP} = 0 , we get

@ ¢
P = e
b+d
. ad + be
Q= b+d

When we change the values of some of the parameters, we get a new equilibrium. Compar-
ative statics analysis gives us an answer for the question: How would the new equilibrium
compare with the old? If we can explicitly compute P* and Q¥ in terms of parameters
{a,b,e,d) like the example above, then the answer is trivial. By taking partial derivatives of
P* and (* with respect to a, b, ¢, and*d, we can find the effect of change in cach parameter

N 1 . -
on our equilibrinm. For example, —— = ——— > (, which means P* and « are positively

da ~ b+d
related, so that if we increase the parameter a while holding the others fixed, our equilibrium

price P* will increase.

However, this procedure is not always available since economic models are usually for-
mulated using general functional forms. Fven when we can express our equilibrium solution
explicitly in terms of exogenous variables, computing its derivative is sometimes infeasible.
In the following sections, we will employ several mathematical tools that will still enable us
to calculate that type of derivative.

2. THE INVERSE FUNCTION THEOREM

The inverse function theorem plays a crucial role in our proof of the implicit function
theorem because it states a conditions (continuity and non-singularity) for the existence of
the inverse function at some points in the domain.
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Theorem. [p. 65, 1] Let A be open in R™; let f : A — R™ be of class C7, meaning the
first v derivatives of f ewist and ave continuous. If Df (7’?) is non-singular at some point '
in A, then there is a neighborhood U of the point @ such that § carries U in a one-to-one
fashion onto an open set V of R" and the inverse function f~1:V — U 4s of class C™.

We should notice that the non-singularity of 2 f on A implies that f is locally one-to-one
at each point of 4, it does not imply that f is {globally} one-to-one on all of A.

3. IMPLICIT FUNCTION

Definition. An equation of the form

flay)=0
implicitly defines y as a function of z on a domain A if there is a function ¢ on A for which
fle,g{a)) =0, forall x € A.

Notice that the use of zero i the above equation serves to simplify notation, but is not
essential. The condition f(z,y) = 0 is equivalent to h{z,y) = p where h(z,y) = fla,y) +p.

A classic exampie comes from the graph of a circle, For instance,
z? + y2 —4=0,

Now, we cannot describe y explicitly i terms of &, because for each 2 in [-2,2], we
have two choices of y such that y = /{4 —2?) and y = —+/(4 — 2*}. However, we know
that arcund some fixed points in [-2,2], say (v/3, 1), we can describe y = /(4 — 22) and
estimate the effect of a small change in « on y. This process is exactly what we need in
the comparative statics analysis, in which we have a model thas is in equilibrium (a fixed
point) and we want to know what happens to our equilibrium if we change parameters of
the model.

The problem here is that at some points, we cannot define our endogenous variable
in terms of the exogenous variables. For the above example, if we choose point (2, 0)
and decrease x by a small value, we do not know whether to choose y == /(4 — 22} or
y = —+/(4 — 22), and therefore, we cannot estimate the effect of the change in z on y.

Hence, to solve the comparative statics analysis of more complicated economic models,
we want to know under what conditions, we can estimate the eflect of a small change in
the exogenous variables on our endogenous variables. In mathematical language, we want
1o know for a given equation of the form f{wy,...,2n,y) = 0, when we can take the partial
derivatives of y with respect to z1,...,x,. Surprisingly, that condition is quite simple. We
will investigate this in the next section by proving the implicit function theorem.

4. THE IMPLICIT FUNCTION THEOREM

The following theorem is the most general version of the Implicit Function Theorem of
real-vaiued functions. We will deal with a function of muitiple variables, from R¥*® -
R™ instead of a single-variable function. The theorem and the proof are excerpted (with
modification} from Munkres's Analysis on Manifolds.

Theorem. [p. 71, 1] Let A be open in R¥" and let f: A — R be of class C7. Write f
in th_e)fovm @Y, for @ = (wl,...,ﬂc) € B* and ¥ = (y1,...,yn) € R". Suppose that
(&, ) is a point of A such that f{&@, b) = T and
af ., =
dﬂfi—@( (Jr), b ) 7’£
2
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Then there is a _T_Lfighburhood B of @ in R* and a unique continuous function g : B — R®
such that g(@) = b and
___)
F(@,g(@)) =10

for all 7 € B. The function g s in fact of class C7.
Moreover,

Do) =~ [Z@o@n] L@ e
Proof. Define F : A — BF™ by the equation
FE, ) = (@, (2, 7).
Notice that @ = (21, ...,25) € R*, ¥ = (1,.., ) € R" and f : A —+ R®, so that

we can write f(Z, Y) = {f1, ., fu) € RPand F{Z, 7)) = (Fy, Fa, ooy Fo Fot1s oo Fign) =

(xla vy Ly fla rrey .fn)-
Then, let J be the Jacobian matrix of function F,

J=DF(Z,Y = DF(&1,.;®p, YLy s Un)
COR oA
am1 Biljn
aF'n:L—}-k 8Fn+k
L 91 T By,
el Ozy Omy aizy
11 T B G Sy,
: {I) : : (0) :
|8z T Bz O T By,
= | 9N 9h  Ofi f

dr " Bwy dy T O

0ty s Ol Ofn
LOT1 ax 8y1 Oyn_
(5 T

= lor a1,

Consider the determinant evaluating formula:
¥
deftM = 5:(-—1)“'11"77@-,:;c ~det My,
k=1

where M is an »t by n matrix, ¢ is fixed, and My, is the {4, k)-minor of M.
Look at the first row of J, since only the first entry is non zero (in fact, 7;; = 1), we
get detd = (~1)%j11detJry = detJy;. Similarly, by repeatedly applying the above formula &
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times to J and using ji1 = fop = a3 = ... = jup = 1, we get

detDF{%,7]) = detJ
= detJy

= detJas

det g

af

= det
Er
.%
So that the determinant of Jacobian matrix of function F is non-singular at the point (@, b )

o] - :
as we assumed detb—%(“ﬁ), b)) # 0. Applying the inverse function theorem to the map F,

3 . .
there exists a neighborhood U of @ € R™ and V of & & R* such that F carries U x V in
a one-to-one fashion onto an open set W in R+ and the inverse function G: W = U x V
is of clags C7.

Let £: W — R and h : W — R" denote the component functions of G, such that
G(E, 2y = (%, 2),h(F, 7)) for all (¥,7) € W c R¥*". Then
(¢,7) F(G(¥,72))
F(F, Z),M7F, 7))
= M7, 2), {7, 2),MF, 7N,
which shows that & = ¢(¢, Z) and 7 = F@(9, ), (7, 2)) = F(7,h(F,?}). Thus,
for all (¥, 7) € W, we can write

i

#

(4.1) (Z,2)= (7, /(F,0(F, 7))
and
(4.2) G(¥,2) = (3,13, 7))

Since f(@, D) = 0, we get F(@, D) = (@, (7, 7)) = (F,0). Thus, W contains
(7, "[mf). Let B be a connected neighborhood of '@ & R¥, chosen small enough that B x ﬁ\
is contained in W,

Let g : B — R” be given by g(#) = M@, —O+). If ® € B, then (%, 5}) e W.

Using the equation 4.1 and letting 7 = m()n>, we have:

(Z,0) = (Z, £ (7, o(Z, ).
Thus,
T = (7,070
= f(Z,9(2))

Then g satisfies the equation f(?,g(?)) = ﬁ, as desired.
Moreover, since (@, b) = (@, ﬁ)), applying the inverse function G to (@, m(?), we get
@,%) = 6@
= (@1, 0)) (by 4.2)
= (d,g(d))

which shows g(@) = WI?, as desired.



e

-
Thus, there exists a continucus function g : B — R™ such that g(E}) = b and
=}
f(Z,g(F)) = 0 forall @ ¢ B.

To prove the unlqueness of the functaon g, let gy : B > R™ be a continuous function such
that go(@) = b and f(F,g0(F)) = O for all 7 € B.
Let

A= {T € B:|g(T) ~ 9o(Z)| > 0}
and
Ay ={% € B:|g(#) - go(T)| = 0}.

We want to prove A; and As are both open in B3,

Since g , go and the norm are continuous, it follows that |g(#} — go(@)| is a contlnuous
compos;tc, function mapping B to R . Hence given {0, cc) is open in R, the set Ay = { T e

iJ(W’\} — go{#)] > 0} is open in B.

Let & be an arbitrary point in Ag, which implies go{@}) = g(@) = h{ab, O} ¢ V {since
I is the component function of G) Since V is open, go is continuous and go(al) € V,
there is a neighborhood Bg of & contamed in B such that go maps By into V. TFor all
@ & By C B, since f(T,90(%)) = 0, we get F(T,00(F)) = (T, f(F,00(2)) = (2, 0).
Since (@,0) € W, applying the function G: W — U x V to (T, 6}), and using the fact that
G and F are inverse functions of each other, we get:

(7. W&, T)) (by 4.2),

]

s0 go(T) = W&, -3) =g(7) for @ € By.

Thus, for any point in A, there exists an open subset of B containing that point and
hence, Az is open in B.

Since Ay N Ay = § and Ay U Ay = B, the fact B that iz connected and Ag iz non-empty
(@ € Ag) imply A; is empty.

Hence, go agrees with g in B and g is unique.

To find the derivative of the function g, define p : B — R¥™ such that p(7) = (7, g(Z))
and P : B — R™ such that P(?) = f(p(®)), so that P(@) = f(&,g(F)).

Yor all @ € B, since f(2,9(F)) = 0, it follows that P{%} = f Using the chain rule,
differentiate both side of the equation P(Z) = 0, we get

4.3
(4.3) = Df(p(E)) - Dp(@).

Recall that the function f maps A & B 40 R" and we write f in the form f (":? 7 } for =
R* and 7 € R", so
3f

DFE(@)) = | 203 7(7) }

Also recall that the function g maps B € R* to R", so we can rewrite g% ) = {g, (%), ..., gn ()]

and p(”i}) = [Tl Ty 1 {“3), ...,gn("ﬁ?)] . Thus, the derivative of p with respect to & =
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{2y, ..., 25) € B¥ ig

M Day B2y 7
g g,
: (1)
bp(@) = | & by
amy Sy,
o (Dy(@)
g, 9.
L O, O 4
R ]
| Dg(®) |

Substitute D f{(p{#) and Dp(#) to the equation 4.3, we get

0 = [ %(p(?)) %(ﬂ(?)) ][ DgI(k‘ﬂ) }

() + S 2).De(2).
So,

-1
Dg(R) =~ [gzj}(?,g(ﬁ))] @92,
[}

The Implicit Function Theorem is extremely useful in economics to have a quick analysis
of the effect of changes in exogenous on endogenous variables without the need of explicit
derivation. In the next following sections, we will apply the thecrem to analyze some
economic models such as the IS - LM, the market model of one good with tax parameter,
and the market model of two substitute goods.

5. THE INVESTMENT SAVING - LIQUIDITY PREFERENCE MONEY SUPPLY
MODEL

In this section, we will use the Implicit Function Theorem to carry out a comparative
statics analysis of the IS-LM equilibrium. For simplicity, we will assume the economy is
closed (meaning there are no export and import factors), and contains only two markets:
the market for goods and services (IS), and the market for money (LM).

The IS curve describes equilibrinin inn the goods market

y=Cyr)+I{r)+G

with national income y equal to aggregate output, consisting of consumption €, investment
I, and government spending &. Consumption C(y,r) depends on income y and the real
interest rate r. We assume that consumption would increase if national income increased

: . ac ac
and the real interest rate decreased (i.e. " > 0 and B < {). Moreover, we assume
Y T
oC .
that — < 1 as a consumer would spend less than one dollar, given he/she gets one dollar

By

increase in income. We also assume that investment would increase if the real interest rate
decreased (i.e. — >0).
The LM curve describes equilibrium in the money market

M = L{y,r)
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R

when the real money supply M is equal to the real demand for money, which depends on
national income y and the real interest rate r. We assume that the real demand for money

. . : , . L
would increase if national income increased and the real interest rate decreased {l.e. 5~ >0

dy
oL
and o™ <)
r
A short summary of our model assumptions is followed

aC
1> a—y >0
oc_
or
ar
ar
aL
E
o
ar

0
>0
>0

0.

Analysis of this model consists of examining the impact of changes in the exogenous
variables G, M on the dependent variables r, y. Designating two functions of equilibrium, we
can analyze the IS - LM model as a function f from R to B2, given by f = (1, f2) = (0,0)
when two markets reach equilibrivnm.

.fl(G:r‘hJ'lT:y) = y—c(ya7.)_1(?1)_6:0
F(G M,ry) = Liyr)-M=0

Let J be the derivative of f with respect to ¥ = (r,y)

df o _(oc o1y (,_oC
J= af | ar 5y _ or - Or Ay
SarT| ok ok || Cjo oL
ar  ay ar Jy
Based on our assumptions 5.1, since ¢ of <0 6—0 <1, ?£ < 0, and f?fj > 0, we get

ar’ ar T By Or

- (200) ().~ (-50) (8) oo
Ir = Or) o \0Y /59 )50 \0r /) <o

Let 7 = (G,M)Ye U c R and ¥ = (ry) € V ¢ R?, then the function f : U x

af :
V -+ R? satisfies the condition of the Implicit Function Theorem detézz;— % 0. Thus, in a

dy

neighborhood B around any equilibrium, there exists a function g : B — R? specifying r
and ¥ as a function of G and M. Although the function g cannot be explicitly written in
terms of G and M, we can derive the derivative of g with respect to @ = (G, M) by the
formula

P -1
Dy(2) = - [£5@a@)| Jh@ a2
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So,
an oh 1 'raen on

Do(@) = -| 5}, 5, 8% 4k
Br by G oM
arL aC
I ("5‘5 S\ oy [—1 U]
T detd W(Qg) _(§g+g) 0 ~1
ar ar = Or

oy (,_ac
= 1 Oy dy

©odetd | _ (OLY _(0C 01
or dgr  Or

or  Or
Since g specifies r and y as a function of G and M, we get Dg(@) = % %il/i )
G  OM
and so

ar  Or ( oL _ ( ocC )

aG am 1 9, P2y

%_?3 ?8’:_1 = detd 5}L ac g)I

5G oM “(E) ”(E"‘“g)

Hence, we can draw several conclusions of the IS-IL.M model about the impact of G and
Monrand Y;

o L[
¥ 3 = dei JJ > 0 implies that an increase in government spending would yield an
increase in the real interest rate.
y _ —(@Lfor) . . . . .
5GT ami > 0 implies that an increase in government spending would yield an
c

increase in national income.
3 T —(1 — 8C/dy)

. detJ .
vield an decrease in the real interest rate.

L Oy _ ~(0C/or +a1/or)

det.J
vield an increase in national income.

<0 implies that an increase in the real money supply would

> 0 implies that an increase in the real money supply would

6. A SIMPLE SET UP OF THE IS-LM MODEL

In section 5, our consumption and investment funciions are in the general form, so that
it is not possible to derive r and y in terms of G and M. This section will examine a simple
case of the IS-LM model, which we can explicitly write » and y as a function of G and M.
By doing so, we will be able to compare the result derived by both “explicit” and *implicit”
approach.

Yor simplicity, we assume

Cly,») = acy+bor+co
I{ry = byr+e
Liy,m) = a Y +br+4ey

where a¢,ar > 0,b0,br, by < 0, and a¢ < 1 by the construction of our model described in
the previous section,
8



Then, the function f = (f, fa) from R4 to R? describing equilibrium in the goods and
money markets is written as

.fl(G!M:T!y)

y=Cly,r)—1(r)-G
y — (agy +bor+co) = (br +e5) - G
= (l—ag)y—(bo+brr—(cc+ecr)~G

0
and
HL(G Mry) = Liyr)-M
= gy +brr+cep—~M
0.
So,
(6.1) G=(1-acly— {be +bi)r — (cc +c1)
(6.2) M=ary+brr+er.

To derive r as a function of G and M, we multiply both side of the equation 6.1 with ay,
and the equation 6.2 with (1 — ag}

Gar = (1 —ac)ary — (b + bi)apr — {co -+ cp)ar
M({(l-ac)={1—-ac)ory+ (1 —ac)bpr +cr{l — ag)

then,

Gay, — M(l - ac) = (1 - ac)a,gy - (f)c -+ b])aLT - (CC’ + CI)G‘L
~ {1 =aglary ~ (1 - achrr - cr{l - ac}
= —r[(bo + br)ar, + (1 — ac)br] — [{cc +cr)ar +en(l ~ ac)]

So, we can directly derive r as a function of G and M

o —ay, G+ 1—ag ]'IJ-—(CC +crlar + el - ag)
(bo + br)ap + (1 — ag)bL, (b +br)ar + (1 — ac)by, (bor + bp)ar + (1 — ac )by,
Then, the derivative of v with respect to & and M can be calculated as
or —ar
vl > 0 and
G {be + b} coyoro + (1 - ac)obri<o)
?_ﬁ; _ 1—ag <0
oM {be+brdag + (1 — ac)br

Similarly, to derive y in terms of G and M, we muitiply both side of the equation {6.1)
with by, and the equation (6.2) with (b + by)

Gby = (1-ac)bry —(be +bp)brr — {co +er)be,
ﬂJ(bC*f*bI) = G.L(bc +b1)y+bL(bC+b1)T+CL(bC+!])j}
then,
Gbp+ Mo +br) = (1—ac)brLy—{be +bpjbrr —{co +cr)be

+ar (b + b))y + b (be + br)r + cp (b + br)

= yl(1 —agby +arlbe + br)] = l(co + en)br — e(bo + bi)].
9



So, we can explicitly solve for y as a function of G and M

_ by, o {bg -+ br) a4 e enby ~ enbe +bi)
(1 ac)by, +ar{be +by) (1 —ac)br + an(bs + by) (1-ac)by, +ar(bo +bp)’

Yy

Thaus, the derivative of y with respect to G and M i

& _ be >0
oG (1 — ac)br 4 ar(bo + b))

by _ {bc + by) -0
aM (1 —ac)br +arlbo +by) '

Now, we want to compare this “explicit” approach with the “implicit” method. The
function f:RY — R? is stated as

i

FilG. M, r,y) (I-ac)y—(bo+br)r —(coc+er} -G =0
flG,M,ry) = apy+brr+op — M =1

Let @ = (G, M) € R? and ¥ = (r,y) € R?, then

afi 0f
af Br Oy
57 " | 0% oh
dr Oy

_ [ =(be +b1) (1-ac) ]

- by, ar, ’

a
So, det% = —ar(bo+b1)— (I —ac)br > 0. Thus, by the Implicit function theorem, there

exists a function g specifying v and y as a function of G and M and the derivative of the
function g can be formulated as

p -1 .
Dy = [ @92 F5@0@)

o | 22 28 1 0 af (bo+b1) (1 -ac)
: _ -1 ‘ | ooy - ag
Since 5 = % ?) gr = { 0 -1 } and Eri [ br aL ], we
et oG oM
2 ~(be+b;) (L-ag) 7] -1 0
DQ(L) -7 [ bL {&r, :| l: 0 -1 :|

1 ar, —{l-ag) -1 0
= ar{be +bp)y + (1 - ag)by [ —by,  ~{bg + bp) J [ o -1 }
= 1 [ —ar (1 -ac) ] .

ar{be + by + (L —acr | br  {bo+0br)
10




o Or

D= | 86 aM | = ! —ap (L-ac) | g
lhuS, Dg(‘?) _(_jj-_f_ _y (LL(I)C + IJ[) + (1 — G;C)bL b]_, (bC e bj") , Which
oG oM

nmeans

K- et >0

G {LL(bc+b1}+ (1 “ac)bL

or (1-ag) <0

M ar(ba + b))+ (1 —ag)bL

% by >0

oG ar(be +br) + (1 — ac)br

By (b + br) 50

oM T ar(be 4 br) 4 (1 — agibr )

Indeed, the result derived by the Implicit Function Theorem coincides with the “explicit”
result,

7. A MARKET MODEL WITH TAX PARAMETER

In section 1, we have seen that a simple linear market model can be easily solved explicitly.
Now, we would like to relax the linearity assumption and introduce a new exogenous variable,
the tax rate (t}. Then, by using the Implicit Function Theorem, we will be able to find the
effect of a change in the tax rate on our price equilibrium.

Since consumers will reduce their purchase when the price increases, we suppose that
quantity demanded gg for some commedity is inversely related to the price p according the
demand function d

qa = d{p)

dd
where —— < 0.
Ip
Also, we assume that quantity supplied g, is positively related to the price p and nega-
tively related to the tax rate ¢ since suppliers will be willing to produce more when the price

increases and the tax rate decreases. Therefore,
s = s(p, 1}

8s s
==~ 0 and —
p > 0 and Em
continuousty differentiable of class €',

Let f : R* — R by the equation f(p,t) = d(p} — s(p,t} be the excess demand function.

Our set of assumptions is

where < ). We also assume that both the demand and supply functions are

(7.1) = >0
ds
at

Let {po,ta) denote an initial equilibrium, which occurs when demand equals supply and

the excess demand is zero, then

Fposto) = d(po) — s(po, to) = 0.
1

< 0.



Since we assume od < (0 and 9s > 0, we get
ap dp
af  od  Os
AN s )
dp  Op Op <

So, by the Implicit Function Theorem, we know that there exists a function g relating the
equilibrium market price p to the tax rate ¢ such that p = g{¢) in a neighborhood B of 4.
Then, though we cannot derive g explicitly, we can compute its derivative by the formula:

_ _far)h as
be = ‘{éﬂ Bt
(-5 (%)
dp Op ot
ds/ Ot

9d]0p — 0s]0p

Since 8s/dt < 0,8d/8p < 0, and s/9p > 0, it follows that Dg = %ZE > 0, which confirms

our economic intuition that an increase in the tax rate would raise the market price.

8. A MARKET MODEL OF TWO SUBSTITUTE GOODS

In any Principle of Economics course, we are taught that in a market of two substitute
goods, an increase in price of one good would make the demand for the other good shift
outward to the right as shown in the graph below.

D1 D2 [

Q

Though the graph is good at visualizing the change in equilibrium, we might wonder
why and how the demand curve shifts outward when the price of another good increases.
Since the graph is in two dimensions, we can only see the price and quantity of one good.
Therefore, it is unable to explain the shift in demand given an increase in price of the other
good, which would require a third dimension. In this section, we will build a simple model
of two substitute goods to explain the demand shift. Moreover, we will examine the effect
of relative price ratio on the magnitude of change in equilibrium.

Suppose that in a perfectly competitive car market, we have only two kinds of cars: new
cars and used cars, We assume that the demand for used cars is a continuously differentiable
function of price of new cars and price of used cars, Qg = Du(Pa, Py). It is reasonable to

assume that the demand for used cars would increase if the price of used cars decreased, or
aD, <0 ap, 50

oP, top,
12

if the price of new cazs increased, i.e.



Moreover, when the price of new cars is at higher level, a fixed amount of an increase
in new cars price would make smaller impact on the demand for used cars. For example, a
customer would evaluate an increase of $2,000 for a $20,000 new car more significant than
the same $2,000 raise for a $40,000 new car. Thereflore, we gssume that the ellect of change
in new car prices on used cars demand is decreasing, i.e. 5 P2 < 0.

On the supply side, suppose that the supply for used cars is alzo a continuously dilleren-
tiable function of price of new cars and price of used cars, Q. = 8, (P, Py ). Since sellers
of used cars care about the price of new cars, they would be more willing to sell their cars
to upgrade a new one, when the price of new cars decreases. In addition, used car owners
would also have more incentive to sell their cars, if the price of used cars increased. Hence,

we assume that g}s;n 0 and g% > 0.

Moreover, since used car owners are able to distinguish between relative and absolute
change in prices, when the price used cars is at higher level, a fixed amount of an increase
in used cars price would make smaller impact on the supply for used cars. Therefore, we

Sy
< 0.
P2
Here is a short sunmary of assumptions for our model:

assuine that

8Dy 88

8P, 0P,

8D, 88,

OF,’ 0P,

(8.1) 52 5y
oF}

928,

ar?

Considering the modet above, we have following theorems

<0

>0

<0

< 0.

Theorem. The price of new cars and the price of used cars are positively correloted.

Proof. Let f: (R*)? = RY given by f(By, ) = Dy(Fr, P) — 8u(P, Pu) be the function
of excess demand for used cars. Since functions I, and 5, are continuously differentiable,
s0 is the function f.

Moreover, since %% >0, gin < 0, we know % = %%ff - giﬂ > 0. Hence, by the

Implicit Function Theorem, there exists a function g : R*¥ — RB* such that B, = g(BP)
and though we do not explicitly know the function g, we can calculate its derivative by the

formula
P, _ o _ [8f]7 [ of
ap, 0 = {83;] 1517}
_ _[op. 8S8.17'[9D, 85
N 81371 apn ap’u aPu

88./0F, — 8D, /0P,
OO — 05y 05

38, 9D, Dy dr,
According to our assumption (8.1), 8}932 ' 3P, > (89 P 2}53 < 0, it follows that ;ﬁ; >
(. Therefore, our theoretical approach using the Implicit Function Theorem impties that the
13



price of new cars would increase when the price of used car increases, which coincides with
the graphical result taught in any Principle of Economics course. O

Theorem. If the demand and supply functions are linear, the relative price ralio is constant
on the eguilibrium poth.

Proof. Suppose the demand function for used car is
-Du(Pna I)u) = ap'n - bPu

where a, b are positive. The supply function is

Su(Pm Pu) = - Fy - dBy
where ¢, d are positive.

A market reaches equilibrinin when there exists no exeess in demand and supply. As a
result, to be on the equilibrivm path, a set of prices, (FPy, Py), needs to satisly the following
condition:

-Du(Pns Pu) o S-u(Pn:Pu) =0,
which means
aly, ~ bPy + Py —~ dP, = (a-+ )Py - (b+d) P, =10
P b+d

So, the condition for the market to stay in equilibrium is P e which ig a constant
¢+
uw -
in our simple linear model. Therefore, it does not make sense to estimate the effect of the
. . . = . e .
refative price ratio (ﬁ—}) on the change in equilibrium. ]

Definition. A function of two independent variables is said to be separable if it can be
expressed as a product of two functions, each of them depending on only one varicble.
Example. A function g: R? — R given by g(z,y) = 2*y” is separable, since we can rewrite
g, y) = h(2)e(y), where h(z) = 2% and k(y) = y7.
Definition. 4 function f : R™ — R is homogencous of degree k for any k € R, if
Fltwr, twa, o i) =t f(@1, 20, oy )
for all (zy, 22, ..., 2,) € R™ and all t > 0.
Example. A function f : B2 — R given by f(z,y) = 2y is homogeneous of degree two,
since f{tz, ty) = {tx)(ty) = 22y = t* f{z,y) for all z,y € R and all £ > 0.
Lemma. A function of one variable is homogencous of degree © if and only if it can be
written in the form f{x) = ax®, where a and t are any real numbers.
Progf. To prove f{z) = az® is homogeneous, let b be any real nmumber, Then, we get
flbe) = albz)’

= b{azt)

= i)

To prove the forn f{z) = az® is a necessary condition for a function of one variable
to be homogeneous, let f{x) be a homogeneous function of degree £, which means for any
real number b, f(bx) = b f(x), where t is a constant. Consider when © = 1, we get
F) = W1} = c- b, where ¢ is a constant. Since b is an arbitrary real number, we
conclude that f{z) = ¢ a*, where ¢ and ¢ are constant. &
Theorem. If the demand and supply functions are separable and homogeneous, then the
relative prices ratio is constant on the equilibrium path if and only if the demand and supply

functions have the same degree of homogeneity.
14
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Proof. Suppose the demand function has the form
-Du(])m Pu) = ]L(Pn)k(Pu)
And suppose the supply function has the form
S Py Pu) = p(Pr)g(FPu)

Since demand and supply function are always positive, without loss of generality, suppose
h, k,p, g are positive functions. Then, by the above lamma, since h, &, p, ¢ are homogenous

lunctions of one variabie, we can rewrite our demand and supply [unctions in a specific [orm,
such as

Dy(Py, P = ePiP?
Su(Pn:Ru) = dIJ::P'Ai‘

where ¢ and d are positive.
Moreover, from the assumption (8.1)

8D,

55 = wPiTPy >0
n

D

U

and

gi = dePfm'PF <9

gfj‘ = dkPPi™! >0

we know o,k > (and b,e < 0.

. P, . .
Let a(P,, ) = Y’E e the function of the relative price ratio. If a(B,, P} is a constant,

T
then substitute P, = aP, in our market equilibrium condition, I, = Sy, we get

{aP)* P = d(aP,)P}
CC&!"’.PSAH) - da“PﬁH"‘
% ¢ = _d_P(c+k)-(u+h)
¢ w

Since « is a constant, it follows that {e + &) — (a + b) = 0, or equivalently, e + k = a + b,
Hence, the demand and supply functions have the same degree of homogeneity.

Conversely, suppose the demand and supply functions have the same degree of homo-
geneity, which means e+ k =a - b

Then, our market equilibrinm condition D, = &, implies
cPRPY = dPIP;
Pt = %Pff“’
R ﬁp(kmb)-(a—e)
Py ¢
PRSI dpék+c)-(a+b)

C
Since (k +e) — {a + &) = 0, it follows that %Pi“c)“(“""b} is constant, and so is a. ]

Theorem. If the demand and supply functions are separable and homogencous of opposite
degrees, then the relative prices ralio has an tmpact on the effect of changes in prices on
quantity equilibrium.

15



Proof. Recall our medel
Du(Pm Pu) = CP??P'::
Su ( Rm ]Du ) d-P',-(i P-:f

where a, k,¢,d > 0, and b,e < 0.
Then, the condition for the market equilibrium D, = 8, means cPeP! = dPSP*, or
equivalently,

poe = C_iPkAb
1 ¢ U "
: : d(0D, /OP,) d(0Dy/8P,) — .
Qur goal is to estimmate and . ¥or both derivatives, we will tr;
N d(Pu/P) AP/ Pa) Y

to use the chain rule, i.e

d(0D,/OP,)  d(0D./8P,)  dP,

(8.2) AP Py T dP, Al P
8.3 d(0D./0P,) _ d(@D./0F.) _ dPy
(8.3) d(P,/Py) ~  dP,  d(Pu/P.)

To solve (8.2), we will try to derive 8D, /9P, explicitly as a function of P, and F, as a

function of @ = }59— using the market equilibrium condition
U

1

(8.4) Py = (3 pr-tyats
c

. . . oD
1. Substitute P, from the equation 8.4 into —B—P—zi, we getb
w

an,
¢ = epprpbd
apP, chFy Py
- cb(z)mpu ba
d @ ke—n—bete
= eb(=)"Ep, “°F
¢
Then,
HODWJORY) _ ) dyzashazambe de phamimenen
dP, P o

Since we assume that the effect of change in used car prices on supply is decreasing, i.e.
9?8,
oF:
Thus, ka — ¢ = a(k — 1} < 0.

Moreover, since b,e < 0, and a, k&, ¢,d > 0, we know —be < 0,¢ < 0, and a — ¢ > 0, so

= dki{k — DYPEP*2 < 0, it follows that 0 < & < 1 since d, %k, P, P, are positive.

"o ou

that 5—“—12—3—5’—‘& < {J. Hence, since cb(c—i)”ﬁ” < 0 and P, > 0, it follows that
* ¢
d(8D,,/8P,)
d %
16
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(0D, /8L,)

, in our chain rule formula; the
dP,

At this point, we have solved the first part,

second part, , will be examined below.

dPy,
d(P../Fy) J
2. From the market equilibrium condition 8.4, P77¢ = EPf“l', we can derive I, as a

. b,
function of == = ¢ as below
Uw

¢ pa-e b (e
A
= sz(a)u,—a — P{.’:-—b—a-ﬁ-e
= S(a)FE = Rl

Thus, the derivative of P, with respect to «

idr, c a—e ae
w270 aFiael
dev d k—b—a-+e

¢ a—e

aze 3
= e e T TETTETE L

1 (k+e)— (a+0b)

o

Since the demand of supply functions are homogeneous of opposite degrees, there exists
two cases:

1. If the supply function is homogenous of positive degree, (k4 ¢) > 0, then {a +b) < 0,
and so {k+e) ~ (¢4 D) > 0.

0 e
As a result, since ¢, d, &0 > 0, -—————— > 0 implies
(k4 e) ~ (a+ D) !

dex

{8.6) > 0.

2. If the supply function is homogenous of negative degree, (k+¢) < 0, then (a+b) > 0,
and so {k-+¢) — (a+b) < 0.
Thus,

dP,
(8.7} — < O
dov

dOD/OP) _ dOD./IP) dPs

dex - aP, dex

a{8D,j8P,) .
if the supply function is homogenous of positive degree; and vice-versa, Lw%——”) is

From 8.2, 8.5, 8.6, and 8.7, it follows that

is positive

negative if the supply function is homogenous of negative degree.
Similarly, we want to estimate the equation 8.3

dOD,/OF,)  d(dD,[3P,)  dP,

d(PTl/Pu} B dPu ' d(-[:,:'z/])’u)
. . ar, . . .
Since we have already exarmined e in equations 8.6 and 8.7, all we need to do is solve for
{4Y
d{OD, [OP,)
dP,

17
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1

an, 4, : . .
Recall that 5 Pu = calP¢ 1 PP, then we substitute P, = { ZPJ;“" ==% in equation 8.4 into
k13

the function and get

oD,

calP-1ph
81):.?’ T w

=1

2
= clSPIT)ERR

d g (kzBiaz1i4b(a—<)
[{EEE 1]

= cca(z)ﬂ“v- Py,

d ami ka--ba --k_-{_-i'n-l-!m.mi'lrz
= ca,(-)u—c oo
¢
doao1  kaskdbebe
= ca(~}jeePy UC
E=r,
. o Dy
The derivative of with respect to P,
ap,
d(aDu/aPn) d,am1ka—-k+b—be Bo-hbbobe )
e e L T .
db, ¢ a—e
Since we assume the effect of change in new car prices on demand is decreasing, we know
9D,
. s Ay oTi]
5P cala — )PP < {).
3

Hence, since ¢, a, Py, P, > 0, it follows that a < 1. Moreover, since b.e < 0,6 < 0, —be < 0

Du I‘)TL - 2y
and a—e¢ > 0, we get ke=ktlzbe o gand UOD./OFy) < 0 {since ca(g} and P, are positive).

dP,
d(dD,, /aF, .
As a result, —(———z—?—/—)—ﬁ is positive if the supply function is homogenous of negative
dla
degree, and is negative if the supply function is homogenous of positive degree. [

9. DISCUSSION

The Implicit Function Theorem is extremely helpful and widely used in economics litera-
ture since when setting up mathematical models in economics, we are ofien faced equations
which cannot be solved to get endogenous variables ag explicit functions of exogenous vari-
ables and parameters. However, it also has some drawbacks. First, our economic functions
must be continuously differentiable to apply the Implicit Function Theorem, which is a
quite strong assumption. Second, by using the Implicit Function Theorem, our results are
only guaranteed for a small local neighborhood arcund the equilibrium, so that it is not
adequate to predict effects of a huge economic shock. Third and most importantly, the
Tmplicit Function Theorem and comparative statics analysis ignore the dynamic nature of
economics, so that beside the estimated effect of a change in exogenous variables, we barely
know the mechanism of that change, which is the focus of economic theory.

In section &, we attempt to go beyond the application of the Implicit Function Theorem
to find & factor that can influence the magnitude of the change in equilibrium. Although
the relative price ratio is a promising candidate, the result in section 8 is limited due to the
assumptions of our medel {homogeneity, separability, and concavity). We acknowledge that
a more general result would reguire a stronger economic foundation and a more complexed
approach (e.g. dynamic general equilibrium model).

10. CoNCcLUSION

Section T introduces a simple market model of one good that we can solve explicitly. How-
ever, because we want to analyze the change of equilibrivin in more complicated economic
models, we need a stronger mathematical tools, such as the Implicit Function Theorem. A

18
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fall proof of the Implicit Function Theorem is presented in section 4. Basically, the Theorem
consists of two main parts: conditions (contimuity and non-singularity) for the existence and
uniqueness of the implicit function, and the formula for its derivative. The proof techmique
requires a broad background in mathematics, as we need to use multivariable calculus, lin-
ear algebra, and basic point-set topology. The Implicit Function Theorem is widely used
in economics because it demands only two reasonable conditions but produces a powerful
results.

Section 5 and 7 exhibit two examples to show how we use the Implicit Function Theorem
in analyzing economic models. The procedures of cur analysis are quite similar for both 1S
- LM model and the market model with tax parameter. First, we set up a simple function
that represents our model. Then, based on real-life facts, we create a set of restrictions
and assumptions for our function. After verifying that the funetion satisfies all required
conditions, we apply the formula from the Implicit Function Theorem to draw conclusions.

Section 8 analyzes the impact of the relative price ratio on the magnitude of change in
equilibrium in a market model of two substitute goods, Our analysis concludes that the
relative price ratio has a positive impact on the effect of changes in used car price on the
quantity demanded for used cars if the supply function has a positive and the demand func-
tion has a negative degree of homogeneity. Vice-versa, the relative price ratio has a negative
impact if the supply function has a negative and the demand function has a positive degree
of homogeneity. With a similar approach, our model also proves that the relative price ratio
has a positive impact on the effect of changes in new car price on the quantity demanded for
used cars if the supply has a negative and the demand has a positive degree of homogeneity,
and vice-versa.
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